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Bce paccmarprBaeMble B paboTe Ipymiibl mpeanonararoTcs koneunbiMu. Ilycts 6 ={c, |i € [} — HekoTopoe pa3bueHHe MHO-
JKecTBa BceX NpocThix yncen IP. HaTypanbHble 4ncna n ¥ m Ha3bIBAIOTCA G -63AUMHO NPOCMbIMU, €CIIH JUISl BCIKOTO TaKOIO

G, 4to o, N\7(n) =, Mel umeeM o, \7(m)=J. Ilycte ¢>1 — HaTypambHOE YKCIIO M IyCTh § — Kiacc rpymi. Toraa Mel
. t !

roBOpuM, uTo § sBustercs: (i) S, -3amkHymoim (COOTBETCTBEHHO a0 S, -3aMKHYMbIM), €CIH § COIEPHKMT BCAKYIO KO-

HeyHylo rpynmy G, yAOBIETBOPAIONIyIO clegyromuM ycinoBusaMm: (1) G comepKHT Takue HOATPYNOBl A4,,...,A4, €§, d4ro

G=44; pna Beex i#j; (2) napexcs |G:N;(4)|,....,|G:N;(4)| (coorserctBenno unuekcel |G:4 |,...,[G: 4],

|G:N;(4,)|) nonapHo & -B3aumHO npoctsl; (i) M. -samkrnymein (cooTBeTCTBEHHO crabo M. -samknymoin), ecnn § co-

JIEPKUT BCAKYIO KOHEUHYIO Tpymniy G, yJOBIETBOPSIONIYIO ClIEAYIOMNM ycnoBusaM: (1) G coIepKUT Takue MOIYJISIPHBIE IO/~
rpynnbl A4,,...,4, €§, uto G=A4A, nns seex i# j; (2) ungexcel |G:Ng(4)|,-.o| G: Ng(4,)| (COOTBETCTBEHHO MHAEKCHI

|G:41,...] G:4_,],|G:N;(4,)|) nomapHo © -B3aMMHO NpOCTH.. B paboTe wu3ywaroTcs cBOiiCTBAa M MpuiaoxkeHus (cnabo)

t t
S, -3aMKHYTBIX ¥ (c11ab0) M -3aMKHYTBIX KJIACCOB KOHEUHBIX IPYIIII.

Knwuesvle cnosa: xoneunas epynna, gopmayuonnas S -QyHkyus, © -10KanbHas Gopmayus, (crabo) S. -samkymelil kiacc

epynn, (cnabo) M -3amxHymuiil K1ace epynn.

Throughout this paper, all groups are finite. Let 6 ={c,|i €/} be some partition of the set of all primes P. The natural num-
bers n and m are called o -coprime if for every o, such that 6, "n(n)# O we have o, "n(m)=. Let t>1 be a natural
number and let § be a class of groups. Then we say that § is: (i) S. -closed (respectively weakly S -closed) provided §
contains each finite group G which satisfies the following conditions: (1) G has subgroups 4,,...,4, € § such that G =44, for
all i# j; (2) The indices |G :N;(4)],....]G: N;(4,)| (respectively the indices |G: 4, |,....|G: 4, |, |G:N;(4)|) are pair-
wise o -coprime); (i) M -closed (respectively weakly M. -closed) provided § contains each finite group G which satisfies
the following conditions: (1) G has modular subgroups 4,,...,4, €§ such that G=44, for all i#j; (2) The indices
|G:N;(4)],-..| G: N;(4)| (respectively the indices |G: 4, |,...,|G: 4, |,|G:N;(4,)]) are pairwise & -coprime. In this pa-

per, we study properties and applications of (weakly) S -closed and (weakly) M -closed classes of finite groups.

Keywords: finite group, formation o -function, o -local formation, (weakly) S. -closed class of groups, (weakly) M. -closed

class of groups.

1 Preliminaries . (i) (X, MNZ)=(X,M)nZ for all X <G,
. We use the terminology in [1]-3]. Throughout 7 <G such that X <Z, and
this paper, all groups are finite and G always de- y <
notes a finite group. Moreover, P is the set of all (i) <M’sz> =<M,Y>mZ for all Y<G,
primes, ©={p,,...,p,} P and n'=P\n. Ifnis an Z <G such that M <Z.
In what follows, o is some partition of P, that is,
o={c,|iel}, where P=U,

forall i= j; [1co and IT'=0c\IL

integer, the symbol m(n) denotes the set of all
. o o, and 6,Nc,. =0
primes dividing #; as usual, ©(G)=mn( G|), the set ' ' /

of all primes dividing the order of G.

A subgroup M of G is called modular if M is a By the analogy with the notation mn(n), we
modular element (in the sense of Kurosh [4, p. 43]) write o(n) [5] to denote the set
of the lattice £(G) of all subgroups of G, that is, {o, |0, "1(n) = D}; o(G)=0o( G
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and o(M) =U;_, 0(G). The natural number n and
m are called o -coprime if o(n)No(m)=3.

Recall that a class of groups § is called a for-
mation if: ) G/ N €F whenever G 3§, and (ii)
G/(NNR)e§ whenever G/Ne§ and G/Re§.

Following [6], we call any function f of the
form

f : o — {formations of groups}
a formation G -function, and we put
LF,(/)=(G|G/0O, ,(G)e f(o,) for all 5, € 6(G)).

Definition 1.1 [6]. (i) If for some formation
o -function f we have § =LF_(f), then we say
that the class § is o -local and f is a o -local
definition of §.

(i1) We suppose that every formation is 0 -mul-
tiply o -local; for n >0, we say that the formation
$ is n-multiply & -local provided either § = (1) is
the class of all identity groups or § =LF,(f),
where f(o,) is (n—1)-multiply local for all

o, € 6(5).

(iii) The formation § is said to be totally o -lo-
cal provided § is n-multiply o -local for all n e N.

In this paper, we discuss applications of the
theory of & -local formations [6] in the study of fac-
torizations of groups.

Remark 1.2. (i) In view of [7, IV, 3.2], in the
classical case when o ={{2},{3},..}, a formation
o -function and a o -local formation are, respec-
tively, a formation function and a local formation in
the usual sense [7, IV, Definition 3.1].

(i) By definition, the class of all identity
groups (1) is totally o -local and it is contained in

LF_(f). Moreover, (1) = LF,(h), where h(c,)=
for all o,.

If £>1 is a natural number, then the class of
groups § is said to be X, -closed (Shemetkov [8])
provided § contains all groups G which satisfy the
following condition: G has subgroups 4,,...,4, € §
whose indices |G: 4, |,...,|G: 4, | are pairwise co-
prime. The theory of X, -closed classes of soluble

groups and various its applications were considered
by Otto-Uwe-Kramer in [9] (see also [8, Chapter 1]).

In this paper we consider the following gener-
alizations of this concept.

Definition 1.3 [10]. Let 7 >1 be a natural num-
ber and let § be a class of groups. Then we say that
§ is S!-closed (respectively M. -closed) if § con-
tains every group G for which the following condi-
tions hold:

(1) G has subgroups (respectively modular sub-
groups) 4,,...,4, € § suchthat G= 4,4, forall i # j;
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(2) The indices |G:Ng(4)],....] G: N;(4,)|
are pairwise G -coprime.

Definition 1.4 [10]. Let #>1 be a natural
number and let § be a class of groups. Then we say
that § is weakly S!-closed (respectively weakly

M ~closed) if § contains every group G for which
the following conditions hold:

(1) G has subgroups (respectively modular
subgroups) 4,,...,4, € § such that G = 4,4, for all
1%

(2) The indices |G : 4, |,...|G: 4, |,|G: Ns(4)|
are pairwise o -coprime.

In the case when c=c'={{2},{3},..}, the
symbol o' will be omitted. Hence the class § is
&' -closed (respectively is weakly S'-closed) if it is
S!, -closed (respectively weakly S’ -closed); the

class § is M’ -closed (respectively is weakly

M' closed) if it is M -closed (respectively
weakly M, -closed).

2 Main Results

Recall that G is said to be: o -primary [11]if G
is a o, -group for some i; o -decomposable (She-
metkov [8]) or o -nilpotent (Guo and Skiba [12]) if
G=G,x..xG, for some o -primary groups
G,....G;

e G
is o -primary.

We say that G is meta- G -nilpotent if G has a
normal subgroup N such that N and G/N are
o -nilpotent.

Our main result is the following

Theorem 2.1 [10]. The following statements hold:

(i) The formation of all meta- G -nilpotent

o -soluble [11] if every chief factor of G

groups M. is S. -closed and M -closed.

(il) Every o -local formation of meta- o -nil-
potent groups is weakly S_ -closed.

(iii) Every 2-multiply o -local formation of
meta- G -nilpotent groups is weakly M. -closed.

Before continuing, consider some corollaries of
Theorem 2.1. First note that in view of Remark 1.2
(i), we get from this result the following

Corollary 2.2. The following statements hold.

(1) The formation of all meta-nilpotent groups
MN* is S*-closed and M’ -closed.

(i1) Every local formation of meta-nilpotent
groups is weakly S*-closed.

(iii) Every 2-multiply local formation of meta-
nilpotent groups is weakly M’ -closed.

It is clear that every X, -closed class is also

weakly S*-closed. Hence we get from Corollary 2.2
the following
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Corollary 2.3 (Otto-Uwe-Kramer [9]). Every lo-
cal formation of meta-nilpotent groups is X, -closed.

From Corollary 2.2 we get also the following
two new results

Corollary 2.4. Suppose that G has supersoluble
subgroups A, A4,,4;, 4, such that G=A4A; for all
i # j, and the indices

1G:ALIG:4,11G: 4 |G Ny(4,)]|
are pairwise coprime. Then G is supersoluble.

Corollary 2.5. Suppose that G has subgroups
A, 4y, 4, A, such that G=A.A, and A’ is nilpo-
tent for all i # j, and the indices

|G:A4 |,|G:4,|,|G:41],|G:N(4,)]
are pairwise coprime. Then G' is nilpotent.

From Corollary 2.4 we get

Corollary 2.6 (Doerk [13]). Suppose that G has
supersoluble subgroups A, A,,4,,4, such that
G = A A, forall i # j, and the indices

(G ALIG:4,11G: 4, 1.|G: 4]
are pairwise coprime. Then G is supersoluble.

From Corollary 2.5 we get

Corollary 2.7 (Friesen [14]). Suppose that G
has subgroups A, 4,, 4,4, such that G = 4,4, and
A! is nilpotent for all i # j, and the indices

1G:ALIG:4,11G: 4, 1.|G: 4,
are pairwise coprime. Then G' is nilpotent.

Let n={p,,p,,...p,}- Then G is said to be
n-nilpotent  (respectively  m-decomposable) if
G=0,(G)x--x0, (G)x0,(G) (if, respectively,
if G=0,(G)x0,.(G)).

In fact, in the theory of the m-soluble groups
we deal with the partition o ={{p,},...{p,},n"} of
P. In this case we get from Theorem 2.1 the following

Corollary 2.8. Suppose that G has meta- T -nil-
potent subgroups A, 4,,4;, 4, such that G =44,

forall i# j, and the indices

|G:N;(A4)],... | G: N;(4,) ]
are pairwise coprime and also |G : N;(4,)| is ei-
ther a m-number or a ©n' -number for all i. Then G
is meta- 1 -nilpotent.

If for a subgroup 4 of G we have o(| 4|) c 1
and o(|G:A|)cII', then A is said to be a Hall

I1 -subgroup [5] of G. We say that G is I -closed
if G has a normal Hall IT -subgroup.

The proof of Theorem 2.1 consists of many
steps and the next three basis theorems and the
proposition are the main stages of it.

Theorem 2.9 [10]. (i) The class of all o -

soluble T1 -closed groups § is S. -closed.
(i1) The class of all o -nilpotent groups N _ is
S -closed.
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(i) Every formation of o -nilpotent groups
IM is weakly S, -closed.

In the case when 6 =c' ={{2},{3},..} we get
from Theorem 2.9 the following results.

Corollary 2.10. Suppose that

G=A44, =44, = A4,
where 4,, A, and A, are soluble subgroups of G.
If the three indices |G:N;(4)|, |G:N;(4,)],
|G: N, (4,)| are pairwise coprime, then G is soluble.

Corollary 2.11 (Wielandt [15]). If G has three
soluble subgroups 4,, A, and A, whose indices
|G:4, ], |G:4,|, |G:4,]| are pairwise coprime,
then G is itself soluble.

Corollary 2.12. Suppose that

G =44, = 4,4, = A 4,
where 4,, A, and A, are abelian subgroups of G.
If the three indices |G : 4, |, |G:4,]|, |G:Ngz(4,)]
are pairwise coprime, then G is abelian.

Corollary 2.13. Suppose that

G=A44, =44, = A4,
where A, A, and A, are nilpotent subgroups of G.
If the three indices |G : 4|, |G:4,|, |G:N;(4,)|
are pairwise coprime, then G is nilpotent.

Corollary 2.14 (Kegel [16]). Suppose that
G=A44, = 4,4, = A4, where 4, A, and 4, are
nilpotent subgroups of G. If the three indices
|G:4, ], |G:4,|, |G:4,]| are pairwise coprime,
then G is nilpotent.

Corollary 215 (Doerk [13]). Suppose that
G=A4AA4, = A4, = A A, where 4, A, and A, are
abelian subgroups of G. If the three indices
|G: 4], |G:4,|, |G:4,]| are pairwise coprime,
then G is abelian.

In the case when o= {{p},...{p,}, 7'} we get
from Theorem 2.9 the following results.

Corollary 2.16. Suppose that G has T -nilpo-
tent subgroups A, A,, 4, such that G = 4,4, for all
i# j, and the indices

|G Ng(A4) ], G:NG(4) ][ G2 Ng(4)|
are pairwise coprime and also |G :N;(4,)| is ei-
ther a m-number or a 1’ -number for all i. Then G
is m-nilpotent.

Corollary 2.17. Suppose that G has T -nilpo-
tent subgroups A, 4,, A4, such that G = 4,4, for all
i # j, and the indices

1G4 ],|G:4,|,|G:Ng(4)]
are pairwise coprime and also every of the indices
|G:A4,|,|G:4,|,]G:N;(4,)| is either a m-num-
ber or a m' -number. If the Sylow subgroups of A,

are abelian for all i, then the Sylow subgroups of G
are also abelian.
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Theorem 2.18 [10]. If §=LF (f) is a c-lo-
cal formation of o -soluble groups, where for every
i the formation f(c,) is (weakly) S.-closed, then
the class § is (weakly) S.'* -closed.

Proposition 2.19 [6]. Every o -local formation
of o -soluble groups § possesses a unique o -local
definition F such that for every & -local definition
f of § and for every o, e the following inclu-
sions hold:

fle)NFcF(o,)= 6G[F(Gl‘) c 3.

In this proposition the symbol &, denotes the

class of all & -soluble o, -soluble groups, &, F(c,)

denotes the class of all o -soluble groups G such
that for some normal subgroup N of G we have
G/N e F(o,).

We call the function F in Proposition 2.19 the
canonical o -local definition of §.

Our fourth basic result is the following

Theorem 2.20 [10]. If § =LF (F) is a & -lo-
cal formation of o -soluble groups, where F is the
canonical o -local definition of § and for every i

the formation F(c,) is is (weakly) S.-closed, then
the formation § is (weakly) S-™' -closed.
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